Abstract. In this paper, we give the complete characterization of f -ideals of degree d ≥ 2 generalizing the results given in [1] .
Introduction
Let S = k[x 1 , ..., x n ] be a polynomial ring over an infinite field k. One associates simplicial complexes to monomial ideals in S.
where I N (∆) is known as the Stanley-Reisner ideal or non-face ideal of ∆. This one-to-one correspondence laid the foundation of the algebraic study of simplicial complexes, for instance see [2] , [6] and [7] . In [3] , Faridi introduced another correspondence:
where I F (∆) is the facet ideal of a given simplicial complex ∆. Faridi in [3] and [4] discussed algebraic properties of this ideal via combinatorial properties of the simplicial complex. She also discussed its connections with the theory of StanleyReisner rings. Therefore, it is interesting to explore some new connections between both the theories. In [1] , the authors investigated the following correspondence: δ F (I) ↔ I ↔ δ N (I), where δ F (I) and δ N (I) are facet and non-face simplicial complexes associated to the square-free monomial ideal I respectively. They introduced the concept of fideals and they gave the characterization of all f -ideals of degree 2. A square-free monomial ideal I in S = k[x 1 , x 2 , . . . , x n ] is said to be an f -ideal if and only if both δ F (I) and δ N (I) have the same f -vector. The concept of f -ideals is important in the sense that it discovers new connections between both the theories (facet ideal and Stanley-Reisner ideal). In this paper, we characterize all the f -ideals in the polynomial ring S = k[x 1 , x 2 , . . . , x n ]( see Theorem 3.8). Moreover, we give a relation between the f -vectors of δ F (I) and δ N (I) (see Lemma 3.6). We should mention that our presentation was improved by the kind suggestions of the Referee and Prof. Dorin Popescu.
Basic Setup
Here, we recall some elementary definitions and notions, which we will use throughout in this paper. Definition 2.1. A simplicial complex ∆ over a set of vertices V = {x 1 , x 2 , . . . , x n } is a collection of subsets of V , with the property that {x i } ∈ ∆ for all i, and if F ∈ ∆ then all subsets of F are also in ∆(including the empty set). An element of ∆ is called a face of ∆, and the dimension of a face F of ∆ is defined as |F | − 1, where |F | is the number of vertices of F . The faces of dimension 0 and 1 are called vertices and edges, respectively, and dim ∅ = −1. The maximal faces of ∆ under inclusion are called facets.
where f i denotes the number of i-dimensional faces of ∆.
The following definitions serve as a bridge between the combinatorial and algebraic properties of the simplicial complexes over the finite set of vertices [n]. Definition 2.3. Let ∆ be a simplicial complex over n vertices {v 1 , . . . , v n }. Let k be a field, x 1 , ..., x n be indeterminates, and S be the polynomial ring k[x 1 , . . . , x n ]. (a) Let I F (∆) be the ideal of S generated by square-free monomials x i1 . . . x is , where {v i1 , . . . , v is } is a facet of ∆. We call I F (∆) the facet ideal of ∆. (b) Let I N (∆) be the ideal of S generated by square-free monomials x i1 . . . x is , where {v i1 , . . . , v is } is not a face of ∆. We call I N (∆) the non-face ideal or the Stanley-Reisner ideal of ∆.
(a) Let δ F (I) be the simplicial complex over a set of vertices v 1 , . . . , v n with facets F 1 , . . . , F q , where for each i, F i = {v j | x j |M i , 1 ≤ j ≤ n}. We call δ F (I) the facet complex of I. (b) Let δ N (I) be the simplicial complex over a set of vertices v 1 , . . . , v n , where {v i1 , . . . , v is } is a face of δ N (I) if and only if x i1 ...x is ∈ I. We call δ N (I) the nonface complex or the Stanley-Reisner complex of I. By considering the standard grading on the polynomial ring S = k[x 1 , . . . , x n ], we give the following definition.
Definition 2.7. Let I ⊂ S be a square-free monomial ideal with the minimal monomial generators g 1 , . . . , g m , then the deg(I) is defined as:
For more details, see [1] , [3] and [5] .
characterization of f -ideals.
Here we recall some definitions from [1] ; Definition 3.1. Let I ⊂ S be a square-free monomial ideal with a minimal generating system {g 1 , . . . , g m }. We say that I is a pure square-free monomial ideal of degree d if and only if supp(I) = {x 1 , . . . , x n } and deg(g i ) = d > 0 for all 1 ≤ i ≤ m. Definition 3.2. Let I be a square free monomial ideal in S = k[x 1 , x 2 , ...., x n ]. We say that I is an f -ideal if and only if f (δ F (I)) = f (δ N (I)).
There is a natural question to ask: characterize all the f -ideals in S. In [1] , authors precisely gave the characterization of f -ideals of degree 2. Next we extend this result for f -ideals of degree ≥ 3. . Remark 3.4. The above three conditions are also sufficient conditions for a pure square free monomial ideal of degree 2 to be an f -ideal as it is proved in [1] . Below We give an example to show that for d ≥ 3 above mentioned conditions are not sufficient.
Example 3.5. Consider the square-free monomial ideal I in the polynomial ring S = k[x 1 , x 2 , x 3 , x 4 , x 5 ] given by In order to characterize the f -ideals, we need the following lemmas. Lemma 3.6. Let I = (g 1 , g 2 , . . . , g s ) be pure square-free monomial ideal of degree
If F is a face in δ F (I) of dimension less than d − 1, then F belongs to δ N (I) as well. In particular;
Proof. Let us take F = {j 1 , j 2 , . . . , j r } with r < d is a face in δ F (I), then by definition there exists a monomial m = x j 1 . . . x jr such that m divides g i for some i(1 ≤ i ≤ s). Suppose on the contrary that F ∈ δ N (I), then by definition, we have m = x j 1 . . . x jr ∈ I which is a contradiction as m is a monomial of degree strictly less than d.
Proof. Suppose on contrary that there exists a face F = {j 1 , j 2 , . . . , j d−1 } ∈ δ F (I). But F will be contained in some face G with dim(G) = d − 1. It is clear from Theorem 3.3 that G ∈ δ N (I). Consequently, we have F ∈ δ N (I). From Lemma 3.6, it is clear that δ N (I) contains all the faces of δ F (I) with dimension strictly less than d − 1. Therefore, we have
which is a contradiction. .
Proof. If I is an f -ideal, then apply Theorem 3.3 and Lemma 3.7. Now suppose that I = (g 1 , g 2 , . . . , g s ) is a pure square-free monomial ideal of degree d satisfying the conditions (1), (2) , and (3). Then by Lemma 3.6 and 3.7 it follows that f i (δ
Here we give an example of f -ideal in degree 3. 
Clearly, supp(I) = {x 1 , x 2 , x 3 , x 4 , x 5 , x 6 } . The primary decomposition of I shows that I is unmixed of height 3. Note that f -vectors of the facet complex and the non-face complex of I are same i.e. f (δ F (I)) = f (δ N (I)) = (6, 15, 10) which shows that I is an f -ideal of degree 3.
Remark 3.10. By [7, Proposition 5.4 .4], we see that for a given square-free monomial ideal I the Hilbert Series of the quotient ring S/I can be obtained from the f -vector of δ N (I). But such result is not known for the δ F (I). It is worth noting that if I is an f -ideal, then one may obtain as well from the f -vector of δ F (I) by using [7, Proposition 5.4.4] . Moreover, one may explain the f -ideals for more.
